
Applications of Calculus in Plant Sciences: 
Sustainable Timber Harvests in Coniferous Forests 

AP Calculus 



Lesson outcomes 

Students will learn how to fit data into a 
mathematical model through linear 
regression.  

Students will learn the concept of 
optimization as applied to forest 
management. 



Calculus 

Limits, derivatives and integrals 
have a wide variety of applications 

in science. 

The concept of limit 
makes calculus unique 
among the branches of 
mathematics. 
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Calculus 

Applications of calculus include: 

Modeling rates of change 
-! Flows (fluids, electric, magnetic) 
-! Growth (population, organic) 
-! Motion (acceleration, circular) 
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Applications of Calculus 

Optimization  

Determine the line for best fit 

! 

dy
dx

= 0

b 

m 



Applications of Calculus 

Probability  
Determining the chance of an event 
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Key points in this presentation 

Importance of sustainable timber harvest in coniferous 
forests… 

Wood harvesting must not exceed the productivity of 
the forests … 

Forest wood productivity can be assessed if we know 
how individual trees grow … 

Coniferous trees leave their growth history recorded in 
their tree rings… 



Sustainability requires the knowledge of the 
growth rates of trees to maximize yield and 
minimize impacts on the regeneration of the 
tree stand. 

Sustainability in forestry 



Wood 

•! Fuel and construction material for making 
houses, tools, weapons, furniture, 
packaging, artworks, and paper 

•! The strongest material on Earth, even 
stronger than steel 

•! U.S. per-capita annual consumption: 75 ft3  



Tree rings 

http://web.utk.edu/~grissino/gallery.htm 





Stem analysis 

Laar and Akça (2007), 
Forest mensuration 



Stem analysis 

Laar and Akça (2007), 
Forest mensuration 



Stem analysis for Norway spruce  
Picea abies (Laar and Ak•a 2007) 
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Age (years) DBH (cm)
10 1.5
20 5.0
30 8.5
40 11.0
50 15.0
60 22.3
70 35.0
80 49.7
90 54.8
100 65.0
110 67.5
120 70.0
130 75.0

Diameter growth data for Apache pine 
(Pinus engelmannii) in S. Arizona  

George D. Russell @ USDA-
NRCS PLANTS Database 
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Growth of Pinus engelmannii 
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Estimating the parameters b and r 
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Estimating the parameters b and r 



Transforming data 

If Dmax = 80 cm  
Age (years) D(t) (DBH, cm) ln{[Dmax-D(t)]/D(t)}

10 1.5 3.958
20 5.0 2.708
30 8.5 2.130
40 11.0 1.836
50 15.0 1.466
60 22.3 0.951
70 35.0 0.251
80 49.7 -0.495
90 54.8 -0.777
100 65.0 -1.466
110 67.5 -1.686
120 70.0 -1.946
130 75.0 -2.708



Fitting a linear equation to transformed data 
 loge{[Dmax-D(t)]/D(t)} 
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Fitting a linear equation to transformed data 
 loge{[Dmax-D(t)]/D(t)} 
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y = -0.0519x + 3.9542 



Estimating the parameters b and r 
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Measurements of growth in Forestry 
Current Annual Increment (CAIt) 
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Measurements of growth in Forestry 
Mean Annual Increment (MAI t) 
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When is the pine tree growing the fastest? 
i.e. when CAI(t) is maximum? 
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When is the pine tree growing the fastest? 
i.e. when CAI(t) is maximum? 

0.0

10.0

20.0

30.0

40.0

50.0

60.0

70.0

80.0

0 20 40 60 80 100 120 140

Age t 

D
ia

m
et

er
 a

t B
re

as
t H

ei
gh

t (
D

B
H

, c
m

)

  

! 

D(t) =
80

1+ 52.154e" 0.0519t

  

! 

d
dt

D(t) =
d
dt

80
1+ 52.154e" 0.0519t

# 
$ % 

& 
' ( 

=
216.544e" 0.0519t

1+ 52.154e" 0.0519t( )2



When is the pine tree growing the fastest? 
i.e. when CAI(t) is maximum? 

0.0

10.0

20.0

30.0

40.0

50.0

60.0

70.0

80.0

0 20 40 60 80 100 120 140

Age t 

D
ia

m
et

er
 a

t B
re

as
t H

ei
gh

t (
D

B
H

, c
m

)

€ 

d
dt

CAI(t) =
d2

dt2 D(t) =
d
dt

216.544e−0.0519t

1+ 52.154e−0.0519t( )2

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

= complicated

  

! 

CAI(t) =
216.544e" 0.0519t

1+ 52.154e" 0.0519t( )2



CAI  
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When is the pine tree growing the fastest in 
average? i.e. when MAI (t) is maximum? 
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CAI and MAI  
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CAI and MAI  
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When is it better to harvest a pine tree? 
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CAI and MAI determine  
optimal rotation time 



90 years later 

CAI and MAI determine  
optimal rotation time 



Silviculture treatment 

Clearcutting 



Silviculture treatment 

Clearcutting 

http://en.wikipedia.org/wiki/Image:Rouge_clearcut.jpg 



Silviculture treatment 

Seed-tree method 

http://www.forestryimages.org/browse/detail.cfm?imgnum=2714032 



Conclusions 

Sustained timber harvests require a knowledge of 
how trees grow and limits harvest to the productivity 
capacity of the forest. 

Scientists can track the growth history of a pine tree 
using tree rings and produce models of growth to 
predict wood production. 

Concepts of calculus, such as optimization (i.e. 
finding maxima and minima of functions), are used 
to determine when it is the best to harvest a forest to 
obtain the maximum amount of wood possible. 


